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Abstract 

This paper investigates the new curvature properties of warped product manifolds 

(WPM) with a semi-symmetric metric connection (SSMC) and its implications for 

General Relativity (GR) and modern theories of gravity. Warped product manifolds 

offer a useful geometric setting for many diverse classes of space-time structures such 

as cosmological and black-hole solutions. The models may explain both intrinsic spin 

effects and nonequilibrium phenomena associated with the underlying structure of 

matter because we substitute an SSMC for the conventional Levi-Civita connection 

(LCC) while preserving metric compatibility & naturally adding torsion. This link may 

be used to formally express the Riemann curvature tensor (CT), Ricci tensor, scalar 

curvature, & sectional curvature of WPM. We also prove that these manifolds must be 

Einstein (also known as conformally flat) in order for them to be. We pay special 

attention to Robertson–Walker space-times and the way torsion modifies their 

geometric and physical properties. We give some illustrative examples to show the 

applicability of our theoretical results and applicability of the derived forms. The 

resulting curvature identities generalize their classical counterparts for the Levi-Civita 

connection, while uncovering new geometric characteristics introduced by torsion. 

Thus, the results provide a more general mathematical basis for research on curved 

space-times, and also contribute to our understanding of geometric structures arising 

in differential geometry, mathematical physics, cosmology and alternative by gravity. 
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1. Introduction 

In modern differential geometry & mathematical physics, the warped product manifolds (WPM) are crucial. Warped products 

are a ubiquitous technique for the construction and study of Riemannian and semi-Riemannian manifolds with prescribed 

geometric properties; they have been described by Bishop and O'Neill since 1969. They are not just basic geometry, but they are 

also used in general relativity, cosmology cosmological black-hole theory and modern gravitational model. 
Let f ∶ M1 → R+ be a positive smooth function and let (M1, g1) & (M2, g2) be two Riemannian manifolds. The product manifold's 

warping 

 

M = 𝑀1 × f  𝑀2  

 

is the metric-equipped product manifold 𝑀1 ×  𝑀2 

 

g = 𝑔1 + 𝑓2 𝑔2  
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The function (f), usually referred to as the warping function, 

scales the metric along the fibers and therefore controls how 

the base manifold interacts intrinsically with a fiber manifold. 

Its properties leave a big imprint on the geometry and 

curvatures of the warped product manifold. This is a natural 

extension to the warped product framework in which many 

fundamental space-times of interest in General Relativity 

may be cast, including Robertson–Walker and Schwarzschild 

space-times. 

Over the past few decades, WPM has been the focus of much 

research due to its rich mathematical structure & numerous 

applications in theoretical physics & differential geometry. It 

has been explored their curvature properties, Einstein 

structures, conformal geometry, Ricci solitons and many 

geometric flows in many papers. We also mention the 

significance of warped product manifolds in mathematical 

physics, particularly in relation to cosmology & General 

Relativity (GR). This behavior of curvature is gives useful 

information about both local and global geometry of each 

manifold; it also providing a suitable guide in the modeling 

and analyzing physically significant space-times. 

Along with the geometry of warped products, much interest 

has been focused on affine connections which may have 

torsion. Hayden develops one of these, a class of semi-

symmetric metric connection (SSMC), which Yano 

methodically investigates. Unlike the torsion-free Levi-

Civita connection (LCC), an SSMC offers metric 

compatibility with a nonzero torsion tensor of a specified 

shape. This further geometrical structure adjusts the 

curvature nature of the manifold and gives a less particular 

setting to investigate differential geometry, mathematical 

physics, physical theories based on torsion-gravitation. 

 

T(X, Y) = π(Y)X − π(X)Y 

 

where π is a vector field P's differential one-form. Many 

geometric aspects are preserved while new curvature effects 

are produced since the connection is consistent with the 

metric even in the presence of torsion. 

Semi-symmetric metric connections (SSMC) have found 

applications in differential geometry, contact geometry, 

almost Hermitian manifolds, and gravitational theories 

involving torsion. Their study has revealed interesting 

modifications of classical curvature identities and has led to 

new geometric classifications. Specifically, the addition of 

torsion frequently modifies the behavior of Einstein 

conditions, scalar curvature, as well as Ricci curvature, 

producing richer geometric structures than those derived 

from the Levi-Civita link alone. 

Recently, there has been increasing interest in examining the 

interaction between warped product structures and 

generalized connections. Such investigations are motivated 

by both geometric and physical considerations. In geometric 

terms, we ask how torsion influences curvature quantities or 

classical results still hold. Additionally, a number of 

expansions of Einstein's theory of gravitation, including the 

Einstein–Cartan theory as well as gauge theories of gravity 

from a physical standpoint, naturally incorporate torsion. 
The role of warped product geometry in differential geometry 

and mathematical physics is again underscored by recent 

works.  

Curvature conditions, Ricci solitons, Einstein structures and 

generalized metric connections in warped product manifolds 

have been studied by several authors. So, this part of the 

paper is focused mainly on the recent advances related to 

semi-simple metric connections, generalized curvatures and 

relativistic space time that can enable us some constructive 

feedback for how torsion interacts with geometric invariants 

in terms of different dimensions. Inspired by this, the current 

study investigates the curvature characteristics of WPM with 

SSMC & their implications for GR. This is of importance in 

giving us new tools to expose torsion effects induced on 

geometric invariants and space-time structures, thus offering 

new perspectives on Einstein manifolds and cosmological 

models or alternative gravitational theories. 
In this article, we are concerned with semi-symmetric metric 

connections on warped product manifolds as well as their 

geometrical characteristics. Our main goal is to obtain 

explicit closed-form formulas for: the sectional curvature, 

scalar curvature, Ricci tensor, and Riemann curvature tensor, 

as well as an analysis of their geometric consequences. 

Special emphasis is given to characterize Einstein manifolds, 

conditions for conformal flatness and applications of these 

results to General Relativity, particularly as they relate to 

cosmological space-time models. 

The following is a summary of this work's primary 

contributions: 

1. It is possible to accurately define the curvature tensor 

(CT) of WPM with SSMC. 

2. Ricci tensor and scalar curvature expressions are 

obtained through appropriate contractions of the 

curvature tensor.  

3. For Einstein warped product manifolds, sufficient and 

necessary criteria are determined. 

4. Sectional curvature and conformal flatness properties are 

investigated.  

5. Applications to Robertson–Walker space-times are 

presented, providing geometric interpretations relevant 

to cosmological models. 

 

2. Preliminaries 

In this study, it is assumed that all tensor fields & manifolds 

are smooth. 

Assume that (𝑀, 𝑔) is an n-dimensional Riemannian 

manifold (RM) and that the Levi-Civita connection (LCC) for 

the metric g is represented by ∇. It is uniquely defined by the 

torsion free and metric compatibility conditions. 

 

2.1. Definition (Curvature Tensor) 

The Riemannian curvature tensor (RCT) is defined as 

 

R(X, Y)Z = ∇𝑋∇𝑌Z − ∇𝑌∇𝑋Z − ∇[𝑋,𝑌]Z 

 

2.2. Definition (Ricci Tensor) 

The Ricci tensor may be obtained by tracing the curvature 

tensor: 

 

S(X, Y) = ∑ g(R(e𝑖 , X)Y, e𝑖)

𝑛

𝑖=1

 

 

where {e𝑖} is a local orthonormal frame? 
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2.3. Definition (Scalar Curvature) 

The curvature of the scalar is 

 

𝑟 = ∑ 𝑆(𝑒𝑖 , 𝑒𝑖)

𝑛

𝑖=1

 

 

2.4. Definition (SSMC) 

A linear connection ∇̅ on 𝑀 is known as SSMC if 

 

𝑇(𝑋, 𝑌) = 𝜋(𝑌)𝑋 − 𝜋(𝑋)𝑌 

 

∇̅ 𝑔 = 0 

 

∇̅𝑋 Y = ∇𝑋 Y + π(Y) X − g(X, Y)P 

 

𝜋(𝑋) = 𝑔(𝑋, 𝑃) 

 

3. WPM Geometry 

WPM are a significant class of Riemannian manifolds (RM) 

that provide a versatile and natural environment for studying 

a variety of geometric problems. Due to their rich 

mathematical structure, they are especially good at studying 

curvature properties, Einstein metrics and other intrinsic 

geometric features. As a result of translating these 

characteristics, WPM has found extensive use in the domains 

of differential geometry (DG), mathematical physics, and 

general relativity (GR), serving as more appropriate models 

to explain the connection between physical space–time 

geometry. 

Let (M1, g1) and (M2, g2) be 𝑛1 & 𝑛2 Riemannian manifolds 

(RM), respectively. Let's 

 

f ∶ M1 → R+ 

 

be a positive function that is smooth. The WPM 

 

M = 𝑀1 × f  𝑀2 

 

is the metric-equipped product manifold 𝑀1 ×  𝑀2 

 

g = 𝑔1 + 𝑓2 𝑔2 

 

The warping function is represented by the function f. 

The terminology used in this section will remain constant: U, 

V, & W are smooth vector fields tangent to the fiber manifold 

(𝑀2), whereas X, Y, and Z are smooth vector fields tangent 

to the base manifold (𝑀1). We shall use this convention 

throughout in order to streamline the presentation of the 

curvature formulas and what follows. 

 

3.1. Theorem (Bishop–O'Neill Formulas) 

Let M = 𝑀1 × f  𝑀2 

be a product manifold that is warped. 

Then the Levi-Civita connection (LCC) ∇ satisfies: 

• For vector fields X and Y that are horizontal 

 

∇𝑋Y = ∇𝑋
(1)

Y 

 

where ∇(1) displays the LCC on 𝑀1. 

 

• For 𝑋 ∈ 𝑇𝑀1 and 𝑈 ∈ 𝑇𝑀2 

 

∇𝑋U = ∇𝑈X =
𝑋 (𝑓)

𝑓
 U 

 

• 𝑈, 𝑉 ∈ 𝑇𝑀2 

 

∇𝑈 V = ∇𝑈
(2)

 V −
g(U, V)

𝑓
 ∇f 

 

where ∇(2) represents the LCC on 𝑀2. 

 

• Proof  

Koszul's formula provides the proof: 

 

2g(∇𝑋Y, Z) = Xg(Y, Z) + Yg(X, Z) − Zg(X, Y)  
+ 𝑔([𝑋, 𝑌], 𝑍) − 𝑔([𝑋, 𝑍], 𝑌)
− 𝑔([𝑌, 𝑍], 𝑋) 

 

We analyze the three cases separately. 

 

Case 1: Horizontal-Horizontal Fields 

Let  

 

X, Y, Z ∈ TM1 

 

Since  

 

g = 𝑔1 + 𝑓2 𝑔2 

 

where all vector fields are tangent to 𝑀1. 

 

g(X, Y) = g1(X, Y) 

 

Applying Koszul's formula immediately yields 

 

∇𝑋Y = ∇𝑋
(1)

Y 

 

Case 2: Horizontal-Vertical Fields 

 

Let  

 

𝑋 ∈ 𝑇𝑀1 and 𝑈, 𝑉 ∈ 𝑇𝑀2 

 

Applying Koszul's formula gives 

 

2g(∇𝑋U, V) = X(g(U, V))  

 

g(U, V) = 𝑓2g2(U, V)  

 

X(g(U, V)) = 2fX(f)g2(U, V)  

 

g(∇𝑋U, V) =
𝑋(𝑓)

𝑓
g(U, V)  

 

Since this holds for all 𝑉 

 

∇𝑋U =
𝑋(𝑓)

𝑓
U 

 

Case 3: Vertical-Vertical Fields 

Let 

 

 U, V, W ∈ TM2 
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Applying Koszul's formula yields 

 

∇𝑈V = ∇𝑈
(2)

V −
g(U,V)

𝑓
∇f  

 

3.2. Corollary 

The warping function's gradient satisfies 

 

g(∇f, X) = X(f)  

 

for any vector field X that is horizontal 

Consequently  

 

 ∇f = grad(f) ∈ TM1  
 

3.3. Proposition   

For every vertical vector field 𝑈 

 

R(X, U)Y = −
H𝑓(X,Y)

𝑓
U   

 

H𝑓(X, Y) = g(∇𝑋∇f, Y)  

 

represents the Hessian of 𝑓  

 

• Proof 

Using Theorem 3.1 

 

∇𝑋U =
𝑋(𝑓)

𝑓
U  

 

Simplifying & substituting into the curvature tensor 

definition produces 

 

R(X, U)Y = −
H𝑓(X,Y)

𝑓
U  

 

3.4. Proposition 

Regarding vertical vector fields U, V, & W 

 

R(U, V)W = R(2)(U, V)W −
∥ ∇f ∥2

𝑓2
[g(V, W)U

− g(U, W)V] 
 

• Proof 

Substituting Theorem 3.1 into the definition 

 

R(U, V)W = ∇𝑈∇𝑉W − ∇𝑉∇𝑈W − ∇[U,V]W  

 

and simplifying gives the required expression. 

 

4. Curvature Tensor (CT) under SSMC 

We focus on deriving the CT of the SSMC on warped product 

manifolds in this section. The mathematical approach for 

examining the geometric structure and curvature properties 

of these manifolds is established by these equations. In 

addition, the obtained formulas are fundamental for 

submanifold invariants such as Ricci tensor, scalar curvature, 

sections curvature and Einstein conditions so that this work 

paves a way to the applications in the following two sections. 

 

∇̅𝑋 Y = ∇𝑋 Y + π(Y) X − g(X, Y)P  

 

The following theorem provides the fundamental curvature  

formula used throughout the remainder of the review. 

 

4.1. Theorem  

Let (M, g) accept a metric connection∇̅ that is semi-

symmetric. 

Then  

 

𝑅̃(X, Y)Z = R(X, Y)Z + α(Y, Z)X − α(X, Z)Y +
g(Y, Z)LX − g(X, Z)LY  

 

Where  

 

α(X, Y) = (∇𝑋𝜋)(Y) − π(X)π(Y) +
1

2
π(P)g(X, Y) 

 

and  

 

LX = ∇𝑋P −
1

2
π(P)X  

 

• Proof 

Starting from  

 

R̅(X, Y)Z = ∇̅𝑋∇̅𝑌Z − ∇̅𝑌∇̅𝑋Z − ∇̅[𝑋,𝑌]Z  

 

we substitute  

 

∇̅𝑋 Y = ∇𝑋 Y + π(Y) X − g(X, Y)P  

 

Expanding all terms and collecting coefficients involving 

𝜋, 𝑃 and ∇P we obtain the stated formula.  

 

5. Ricci Curvature of WPM with SSMC 

One of the most intrinsic geometric objects in differential 

geometry and gravitational physics is the Ricci tensor, 

because it characterizes how the curvature is distributed over 

a manifold. The Ricci tensor connects geometry and matter 

in General Relativity by connecting space-time 

characteristics to energy density distributions, which is at the 

core of Einstein's field equations. As a result, we think it is 

essential to look at how it behaves in connection to an SSMC. 

An analysis of this sort uncovers the connection between 

torsion and curvature structure, sheds more light on Einstein 

manifolds and contributes to our understanding of geometric 

models used in cosmology and alternative gravitation 

theories. 

In this section, let (𝑀, 𝑔) 

be an n-dimensional WPM with a SSMC. 

 

∇̅𝑋 Y = ∇𝑋 Y + π(Y) X − g(X, Y)P  

 

5.1 Definition 

The connection ∇̅ Ricci tensor is determined by 

 

𝑆̅(Y, Z) = ∑ g(𝑅̅(e𝑖 , Y)Z, e𝑖)𝑛
𝑖=1   

 

Where {e1, … , e𝑛} 

is a local orthonormal frame? 

 

5.2. Theorem 

Consider a warped product manifold (𝑀, 𝑔, ∇̅). The 

associated curvature tensors and related invariants will be 

examined to study the geometric properties of this 

connection. 
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Then the Ricci tensor satisfies 

 

𝑆̅(Y, Z) = S(Y, Z) − (n − 2) α(Y, Z) − β g(Y, Z)  
 

 

Where β = tr(α) 

 

• Proof 

Starting from Theorem 4.1, 

 

𝑅̃(X, Y)Z = R(X, Y)Z + α(Y, Z)X − α(X, Z)Y +
g(Y, Z)LX − g(X, Z)LY  

 

Choose an orthonormal frame 

 

{e𝑖}𝑖=1
𝑛   

 

Taking the trace over 𝑋 = 𝑒𝑖 

 

𝑆̅(Y, Z) = ∑ g(𝑅̅(e𝑖 , Y)Z, e𝑖)𝑖   

 

Using the curvature formula as a substitute, 

 

S̅(Y, Z) = S(Y, Z) + ∑ g( α(Y, Z)𝑒𝑖 , 𝑒𝑖)𝑖 −
∑ g(α(𝑒𝑖, 𝑍)𝑌, 𝑒𝑖)𝑖  + ∑ g( g(Y, Z)𝐿𝑒𝑖 , 𝑒𝑖)𝑖 −
∑ g(g(𝑒𝑖 , 𝑍)𝑌, 𝑒𝑖)𝑖   

 

∑ 𝑔(𝑒𝑖 , 𝑒𝑖)𝑖 = 𝑛  

 
∑ 𝛼(𝑒𝑖 , 𝑍)𝑔(𝑌, 𝑒𝑖)𝑖 = 𝛼(𝑌, 𝑍)  

 

S̅(Y, Z) = S(Y, Z) − (n − 2)α(Y, Z) − βg(Y, Z)  

 

5.3. Corollary (Ricci-Flat Condition) 

In relation to ∇̅, the manifold is Ricci-flat if & only if 

 

S(Y, Z) = (n − 2)α(Y, Z) + βg(Y, Z)  

 

• Proof 

 

S̅ = 0  

  

in Theorem 5.1 immediately yields the result. 

 

5.4. Corollary 

If 𝛼 = 0 , Then 𝑆̅ = 𝑆 

The Ricci tensor & the classical Ricci tensor associated with 

the Levi-Civita link therefore coincide. 

 

6. Curvature of Scalars 

We now have the scalar curvature associated with the SSMC. 

This invariant provides a global measure of the manifold's 

curvature and plays a significant role in understanding its 

geometric and physical properties. 

 

6.1. Definition  

 

𝑟̅ = ∑ 𝑆̅ (𝑒𝑖 , 𝑒𝑖)
𝑛
𝑖=1  defines the scalar curvature. 

 

6.2. Theorem  

The scalar curvature of a warped product manifold (WPM) 

with an SSMC satisfies: 

 

r̅ = r − 2(n − 1)β  

 

• Proof 

 

From Theorem 5.1 

𝑆̅ = S − (n − 2) α − β g  

 

r̅ = r − (n − 2)tr(α) − nβ  

 

Since tr(α) = β We obtain  

 

r̅ = r − (n − 2)β − nβ  

  

r̅ = r − 2(n − 1)β  

 

6.3. Corollary 

If 𝛽 = 0 , Then 𝑟̅ = 𝑟 

Hence the scalar curvature remains unchanged. 

 

6.4. Corollary 

If 𝛽 > 0 , Then 𝑟̅ < 𝑟 

Thus, torsion decreases scalar curvature. 

Similarly, 𝛽 < 0 , Implies 𝑟̅ > 𝑟 

 

• Physical Interpretation 

In General Relativity (GR), scalar curvature appears in the 

Einstein-Hilbert action which suggests that it plays a 

fundamental role in regards to gravitational dynamics and the 

geometric structure of space-time. 

 

I = ∫
𝑀

r√∣ g ∣ dV  

 

In an SSMC, this action turns into 

 

I̅ = ∫
𝑀

r̅√∣ g ∣ dV  

 

Substituting Theorem 6.1 

 

I̅ = ∫
𝑀

(r − 2(n − 1)β)√∣ g ∣ dV  

 

This shows explicitly how torsion modifies the gravitational 

action and consequently affects the geometry of spacetime. 

 

7. Einstein Warped Product Manifolds (WPM) 

This section examines warping product manifolds that meet 

the Einstein condition and have semi-symmetric metric 

connections. We provide necessary and sufficient conditions 

for these manifolds to be Einstein, focusing on the interplay 

between torsion as well as curvature features. The subsequent 

theoretical results are the mathematical basis of their later 

applications to Robertson–Walker space-times and their 

geometric interpretation within the concept of General 

Relativity. 

 

7.1. Definition 

An Einstein manifold is a manifold if 

𝑆̅ = 𝜆𝑔 

for some constant λ. 

 

7.2. Theorem (Characterization of Einstein Structures) 

If & only if a WPM has a SSMC, then it is Einstein. 
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S = (λ + β) g + (n − 2) α  

 

• Proof 

Substitute 𝑆̅ = 𝜆𝑔 

into Theorem 5.1 and rearrange terms. 

 

 

8. Sectional Curvature 

The sectional curvature is one of the simplest and basic local 

invariants in Riemannian geometry that measures how much 

the two-dimensional plane in the tangent space at every point 

on a manifold bends. Such a structure is at the heart of the 

classification of space forms, the characterization of Einstein 

manifolds and more generally in the study of geometric 

structures arising e.g. in differential geometry, mathematical 

physics or General Relativity itself. Sectional curvature 

determines the intrinsic curvature of individual tangent 

planes and elicits local geometric behavior of manifolds that 

can serve as a basis for global curvature results. 

 

Let σ = span{X, Y} 

 

be a plane in 𝑇𝑃𝑀 with two dimensions, where X and Y are 

tangent vectors that are linearly independent. 

 

8.1. Definition 

The sectional curvature of the SSMC is calculated using 

 

𝐾(σ) =
g(R̅(X,Y)Y,X)

g(X,X)g(Y,Y)−g(X,Y)2  

 

If 𝑋 and 𝑌 are orthonormal, then 

 

K̅(σ) = g(R̅(X, Y)Y, X)  

 

8.2. Theorem 

Let us suppose that the warped product manifold 𝑀, 𝑔, ∇̅ 

admits a SSMC. Assuming this, we look into the curvature 

properties arise on the manifold corresponding to 𝑀, 𝑔, ∇̅and 

determine its geometric relations on the manifold. 

 

𝐾(σ) = K(σ) + α(Y, Y) − α(X, X)  

 

where the sectional curvature associated with the Levi-Civita 

link is represented by K(σ). 

 

• Proof 

Using Theorem 4.1  

 

𝑅̃(X, Y)Z = R(X, Y)Z + α(Y, Z)X − α(X, Z)Y +
g(Y, Z)LX − g(X, Z)LY  

 

Assuming X and Y are orthonormal 

 

g(X, X) = g(Y, Y) = 1 , g(X, Y) = 0  

 

Applying X to take the inner product 

 

g(R̅(X, Y)Y, X) = g(R(X, Y)Y, X) + α(Y, Y) − α(X, X)
  

 

K̅(σ) = K(σ) + α(Y, Y) − α(X, X)  

 

8.3. Corollary  

If 𝛼 = 0 Then K̅(σ) = K(σ) 

As a result, the sectional curvature as well as the classical 

sectional curvature coincide. 

 

9. Conformal Flatness 

It aims to gain insight into properties of manifolds invariant 

under conformal (angle-preserving) transformations, in 

which a positive smooth function scales the metric while 

leaving angles unchanged. A key component of this theory is 

the Weyl conformal curvature tensor, which characterizes a 

manifold's conformal curvature while disregarding its Ricci 

curvature. 

The Weyl tensor zeroing out presents a fundamental 

necessary condition for conformal flatness and is of 

paramount importance in differential geometry, the theory of 

General Relativity, and gravitational field investigations. 

 

9.1. Definition  

For 𝑛 ≥ 4, the Weyl tensor is defined by 

 

W = R −
1

n−2
(S ∧ g) +

𝑟

(n−1)(n−2)
(g ∧ g)  

 

where the Kulkarni–Nomizu product is indicated with ∧. 

A manifold is considered conformally flat if 𝑊 = 0 

 

9.2. Theorem 

(𝑀, 𝑔, ∇̅) represents a WPM with a SSMC.  

If W = 0 And α = μg it follows that α ∧ g = μ(g ∧ g) 

Thus, the extra curvature term only enters the scalar part of 

the decomposition of curvature and does not affect the Weyl 

conformal curvature tensor. As a result, even in the presence 

of a SSMC and its torsion, the requirement of conformal 

flatness is maintained since the condition for the vanishing of 

Weyl tensor up to a manifold remains unchanged. 

Hence 𝑊̅ = 0 

 

10. Applications to General Relativity 

A main reason for studying warped product manifolds is that 

they appear in several applications in cosmology and 

gravitational physics. Without necessarily being a complete 

space–time in itself, many physically significant space–times 

can therefore be suitably described as warped products of this 

type; Robertson–Walker and Schwarzschild, to mention only 

two cosmological models. 

This geometric formulation gives a powerful method for 

investigating curvature properties, Einstein equations and 

their implication on the evolution of space-time by its 

geometric structures. 

 

10.1. Robertson–Walker Space-Time 

The Robertson–Walker metric is given by 

 

ds2 = −dt2 + a2(t)gF  

 

where 𝑎(𝑡) is the cosmic scale factor that describes how our 

universe expands or contracts in relation to cosmic time, and 

𝑔𝐹 is a metric tensor for some three-dimensional space of 

constant sectional curvature. Combined, these elements give 

the Robertson–Walker space-time, one of the standard 

geometric spaces for homogeneous and isotropic 

cosmological universes in General Relativity. 

The formula for this space-time is M = I × aF 
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Robertson-Walker space-time is hence a warped manifold of 

products. 

 

10.2. Theorem 

Let M = I × aF be a Robertson–Walker space-time with a 

SSMC generated by 

 

P =
∂

∂t
  

 

Then, r̅ = r − 2(n − 1)β is satisfied by the scalar curvature. 

 

• Proof 

Directly applying Theorem 6.1 to the Robertson–Walker 

metric yields the stated formula. 

 

• Physical Interpretation 

The quantity β = tr(α) acts as an additional geometric 

contribution produced by torsion. 

Consequently 𝑟̅  ≠  r 

These results suggest that a SSMC changes the effective 

curvature of the universe and modifies its fundamental 

geometric structure. These types of alterations could affect 

both the structure and dynamics of cosmological space-time 

models by adding torsion-related curvature terms to a given 

model without conventional matter sources, or ignoring the 

latter altogether. Thus, the semi-symmetric metric 

connections give a wider geometric background to study 

different cosmic solutions. 

 

10.3. Modified Einstein Equations 

Einstein's field equations are 

 

Ric −
1

2
rg + Λg = 8πT  

 

Using the semi-symmetric metric connection, they become 

 

R̅ic −
1

2
r̅g + Λg = 8πT̅  

 

Substituting Theorems 5.1 and 6.1 gives 

 

S − (n − 2)α − βg −
1

2
(r − 2(n − 1)β)g + Λg = 8πT̅

  

 

10.4. Theorem 

The torsion vector field 𝑃 contributes an effective geometric 

stress-energy term 

 

T(P) =
1

8π
[(n − 2)α + βg]  

 

• Proof 

Rearranging the modified Einstein equations yields 

 

Ric −
1

2
rg + Λg = 8π(T̅ + T(P))  

 

Therefore, the torsion field behaves as an effective matter 

source. 

 

10.5. Corollary 

This semi-symmetric metric connection can also produce 

nontrivial curvature effects, even in the absence of 

conventional forms of matter or energy. This suggests that 

torsion can be directly responsible for the geometric structure 

of space-time giving rise to one more gravitational 

mechanism. 

An illustration of how such a feature may be useful for 

constructing alternative cosmological models, in which 

gravity has at least a partial geometric origin as opposed to 

being solely a material source. 

 

11. Worked Example 

Consider M = R × 𝑒𝑡 𝑆𝑛 

 

The metric is g = d t2 + e2𝑡g 𝑆𝑛 

 

Choose P =
∂

∂t
 

 

Then π(X) = g(X, P) 

 

Since ∇P = 0 

 

We get α(X, Y) = −π(X)π(Y) +
1

2
g(X, Y) 

 

Consequently 𝑆̅ = S − (n − 2) α − βg 

 

This example clearly shows that torsion can have a large 

effect on the Ricci curvature and therefore influence the 

scalar curvature of a warped product manifold. The geometric 

structure of the manifold changes accordingly, thus showing 

how a SSMC modifies curvature invariants and modifies the 

underlying geometric and physically relevant structures of 

this space. 

 

12. Conclusion 

The importance of WPM with SSMC to general relativity was 

examined in this paper. The curvature tensor, sectional 

curvature, scalar curvature, & Ricci tensor all have explicit 

formulations. Conditions for Einstein manifolds and 

conformal flatness were established. Furthermore, 

applications to Robertson–Walker space-times demonstrated 

how torsion modifies classical geometric quantities and 

contributes additional curvature effects in gravitational 

models. The obtained results extend several classical 

formulas of Bishop–O'Neill geometry and provide a 

framework for future investigations of warped product 

manifolds in geometric analysis, cosmology, Einstein–Cartan 

theory, and alternative theories of gravity. 
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