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Introduction

In 1906, M. Frechet provided a basic explanation of the manifest evolution of a metric space. In recent years, numerous
academics have expanded and generalized this concept. Examples include complex valued metric space, cone metric space, 7-
metric space, ®@-metric space, orthogonal metric space, extended b-metric space, b-metric space, and controlled metric space.

Czerwik M gave the notion of a b-metric space as follows:
Definition 1. (see.[1]) Let R/=@ and s>1andt:RxR—[0,00).If:

(1) ©(pn,0) = 0=p=g;

(2) ©(p,0) = t(g,wfor all p.c €R;

(t3) t(p,m) < s[t(p,g)+t(c,m)] for all p, ¢, ® € R.
Then (R,7) is said to be a b-metric space.
Kamran et al.[2]defined the notion of a extended b-metric space in 2017:
Definition 2.Let R/=0 and 6: RXR—[1,00) and t: RXR—[0,00).If

©(u,0)= 0= pu=g;

T(1,0)=T(S,1);

(1,0)=o(p,0)[T(k,®)+(s, m)].
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Then (R, 7) is said to be an extended b-metric space.
In 2018, a new type of extended b-metric space was given by Mlaiki et al. [l

Definition 3([3]).Let R/=@ and 6:RxR—[1,0) and T:RxR—[0,00).If:
w(k.0) = 0op=g

w(1,0) = S1);

©(1,6) = o(1,®)t(1,0)+6(6,0) UG,).

Then (R,t,0) is said to be a controlled metric space.

Examplel ([3]).Let R={1,2,--}. Take T:RxR—[0,0)as

[ 0,if u=g ]
%, if pisevenand ¢is odd
(1,0) = 1 % if wis odd and ¢ is even

k 1, otherwise )

consider 6:RxR—[1,) as

W, if pis even andg is odd
¢, if uis odd and ¢ is even

o (u,g) = .
(1:5) 1, otherwise

Then, 7 is a controlled metric and (R,t,0) is a controlled metric space.

Theorem 1([3]). Let (R, o, T)be a complete controlled metric space. Let V:R—R be such that:
VI, V¢) < Ax(1,¢))

. oMt tig2) 0(Hit1s 1
SUpllm (Kit1 Biv2) 0(Wit1, Hm) <
i—00 o (Ki Ki+1) A

Furthermore, suppose that, Vi €R, we have limy_« 6 (un,lb) and lim,_..o(u,un) which exist and are finite. Then, 3 p* €R such
that Vi =pi*which is unique.
Lateef [ established Kannan B! type fixed point theorems in the setting of a controlled metric space.

Theorem 2 ([4]).Let (R, o, t) be a complete controlled metric space. Let V:R—R be such that:
t(VH, Vo) < A(z(1, V) + (6, Vc))

VU, €ER, where 1 € (0,%). For Wo € R, take pn=V"Ho. Assume that:
2
o O(Mig 1 liv2)0 (Biv1bm) 1
SUPm=1 lh—>rcr>10 o (Ui Kit1) < A

Furthermore, suppose that, v p € R, we have: lim,«c (un, W) and lim,_.o(u,un) exist and are finite. Then, Ip* €R such that
Vs =prwhich is unique.
Ahmad [ established a Reich type fixed-point theorem in the setting of controlled metric space as follows.

Theorem 3.Let (R,0,7) be a complete controlled metric space and V:R—R.If there exists a, B,y € (0,1) such thatA=a + B+ vy <
land:

o(VH, Vo) S at(pe) + B (Vi) + 7 7 (,V0)

VU, ¢ € R. For Wo€eR, take pn=V"Wo. Suppose that:

0(#i+1rﬂi+2)‘7(ﬂi+1rﬂm)<_1

su, lim
Pm=1 i—oo o(Ki Hit1) A
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Furthermore, suppose that, for every HER, we have limy_.. o(pn,l) and lim,—.o(u,un) Which exist and are finite. Then, Ipu*€R
such that V*=p*which is unique.

Later on, Abuloha et al. 1, Alamgir et al. 8], Abdeljawad et al. [, Lateef [, Hussain 4, Mlaikietal. *2, Shatanawi et al. 3],
Sezenetal. 4 and Tasneem et al. ' studied controlled metric spaces and established different fixed-point results for self and
multi valued mappings. For more details, in this direction, we refer the readers to 1171,

In this paper, we obtain some common fixed-point results for generalized contractions involving some certain control functions
in the setting of controlled metric spaces. We also proved some common fixed-point theorems in controlled metric spaces
endowed with a graph. We also provided an example to show the legitimacy of the established results. As an application of our
main result, we investigate the solution of integral equations.

Main Results
We state our main result as follows.

Theorem 4. Let (R,0,t) be a complete controlled metrics space and V,U:R—R. If there exists a, B: R— [0,1) such that:
a(VI<a(), AVW<B(K) and y(Vi)< y(1)
w(U=a(u), AUW=AR) and v (Up) =y (W)
(atp+y)(W)<1;

T(wVi)T(s,Us) T(WV?2
(Vi Ug)< a()r(i,¢) +3 “ireae T y(u) T

for all p,c € R. For Ho€R, e set % = A. Suppose that:
- 0

o(pi+1,ui+2)o(pi+1,um) < 1
o(Hittiv1) A

SUPm>1 lim
i—oo

where Hzns1= VHzn and pans2= Uponss for each n> 0. In addition, assume that, for every p€ R, we have lim,_. o(un,l) and
lim,—wo(u,pun) Which exist and are finite. Then, V and U have a unique common fixed point.

Proof. Let poeR.We construct {pn} in R by pon+1=V2n and Pan+2=Upon+1 for each n>0. From hypothesis and (1) we obtain:

7 (M2n+1,M2n+2)=7(V Han,UM2n+1)

T(p2n,Vizn)t(M2n+1,Ul2n+1 )+
1+7(M2nM2n+1)

< (X(HZn)T(HZn,H2n+1)+ﬁ(P«2n)

T(Hznrvuzn)z
T(Hzn/Hzn+1)

y(w)

T(IJ-Znnl»’-2n+1)'f(l’-2n+1'l’-2n+2)+
1+7(M2n,M2n+1)

= o(pzn)T(tan, pan+1)+HP(M2n)

T(MznMzn+1)?
n) —
T(M2n,M2n+1)

(ke
< aHzn)T(Han, Han+1)HB(H2n) T(Man+1,Hanv2)
+y(p2n)t(pzn Han+1)
= pzn-1)t(pzn tan+1) HB(Upan-1)7(Hans1, Hans2) +y(Upiznt)t(pan Han+1)
< apan-1)T(pan, Han+1)HB(p2n-1) T(Mans1,Hanv2) + ¥(H2n-1)T(Han Hane1)
= a(Vpan-2)t(pan, Mans1)HB(Vpan-2) T(Han+1,Hans2) + Y(Vpzn2)t(pan Han+1)
< aHan-2)T(Han, Man+1) T B(Han-2) T(Mans1,Mans2) + Y(Han-2)T(Man Han+1)
< 0l(1o) T(Man, Han+1)+P(Ho) 7(Man+1,M2n+2) + Y(1o)T(Man, Man+1)
which implies that:

a(Ho)+Y(Ho)

1-B (o) T(l-l2n.|-12n+1)

7(Han+1,Mone2) <
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similarly
T(U2n+2, Man+3)= T(U Man+1, VH2n+1)
=7(VMan+2, Up2n+1)

T(Hz2n+2Vitznt2)?
T(Uzn+2,M2n+1)

T(H2n+2,Viz2n+2)T(Han+1,Vi2n+1)
1+7(M2n+2:H2n+1)

< o(2n+2)T(pan+2,Hon+1) HP(pan+2) + 7(Uan+2)

\T(M2n+2,H2n+3)T(M2n+1,Han+2) T(Uz2nt2M2n+3)?

1+7(Uzn+2,1 2n+1)

<a(pzn+2)T(Han+2, Mon+1)HB(Han+2) + v(Uzn+2)

T(Mzn+2,Hzn+1)
= o(Mzn+2) T(Hzn+2, Han+1) +A(Han+2) T(Hanv2, Hanea)+ Y(pzn+2) 7(HMan+2,Hzn+s)

= a(Upzn+1)t(Mzns1, Hanv2)+B(U Hans1)o(Hanvz, Mant)+ Y(Upan+a) 7(Hane2,Han+s)

< o(M2n+1)T(Hzn+1, Mans2 )B(Man+1)t(Mans2, Hanss)+ y(pzne1) T(Hanv2,Han+s)

= a(VHan)t(Man+1,Man+2) +B(V Han)t(Hzns2, Mans3)+ Y(Vpzn) T(HMns2,Hans3)

< aMan)t(H2n+1, Man+2) +B(Man)T(Han+2, Man+3)+ Y(12n) T(Man+2,Hon+3)

< a(Mo)t(Man+1,M2n+2)+B(Ho) z(Man+2,Man+3) + Y(1o) T(Han+2,M2n+3)
Which implies that:

a(Ho)+Y(Ho)

T 7(Man+2,M2n+3)= A T(U2n+1,,12n+2)

T(Hon+2,1on+3) <

pursuing in this direction, we obtain:
(M, Mn+1)<A 7(Hn-1,Hn)
<22t(HUn-2,Mn-1)

<...2 "t(lho o).

Thus
7(n, Hn+1)<A"7(Ho, 1) 3
For all n, m eN (n<m),we have:
(Hn, Hm) < (M, Mae1)(Hn, Mave1) 0 (e, Hin) 7(Hn+2, Him)
< (Mo, Hn+2) 7(Hn, Hn+1) +0 (e, Mm)o (e, Hine2) T(Hnes, Hinv2) +0(Hnea, Mm)o(Hne2, Him)7(Hne2, Pim)
< (Mo, Hn+2) 7(Hn, M) +0 (e, Mm)o (e, Hinv2) T(Hnes, Hnv2) o (Hinva, Um)o(Hne2, Hm)o(Has2, Ma+3)T(Hne2, Hinva)
+0(Un+1,Mm) o (Hn+2,Mm) (i3, hm) 7(Hn+3,Um) < ...
< 0 (Mn,Mn+1)7(Hn, Mne1) + 2072 n+1(H] =n+1 U(#pﬂm))
oM, Mis) (b Mis)+ TT2 05 1 (s )T (U1, o)
which further implies that:
(Hn, M) < 0 (o, o) 2ln o)+ 2052 1 (T 1. (W, pm))
(i, His2) 7(Wiis )+ 1 (Hom— 1, )T (i1 o)

< 0 (Mn,Mnet) A" T(U-Oap-l)"'z:l n+1(H] =n+1 O-(HJ'num))
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U'(l-li,p-i+l) A T(HOrul)-'-Hﬁ;lil(,ui' ”m)‘[(ﬂm—lv ”m)
1

= 0 (Hn,bae1) 2" 1Mo M)+ 270 (T s 0 (0 1m))

o(Wi,Mi+1) A" 7o, H1)
Thus

1

7k, M) < 0 (Hnsbnsa) A" 7o)+ 27205 (TTicner 0(1) 4m))
(i Hist) 2' (ko 1) (4)
Let
51= Tizo(ITi=0 (1, tm)) oM Mivs) A' (Mo, r)
From (4) we obtain :
©(bn, Bm) < & (Mo,Ha) [ 2" o(lisHis1) ' o(Ho,Ha)+Spm—1-55] (5)

Now,using the fact that o(p,g)=1,and by using the ratio test, lim S, exist. Hence, {S, } is Cauchy .Eventually,taking n,m— oo
n—oo
in (5), we obtain that :

Jim 7 (g, pn) =0 (6)
Hence, {1} is a Cauchy (R, 7, 6). Thus,3 p*€R such that

lim 7y, 1) =0 @
that is pn—p*as n—oo.Now, by(1)and condition (iii), we obtain:

(17, V) < o(l7, Hans2) (M7, Hane2) o (Mans2, V) T(Hans2, VL)

= o(l*, Hans2) 71", Han+2) +o(Hans2, V) 1(Upzns 1, VL)

= o(l, Man+2) (1, Man+2) Fo(Hans2, V) (VI Uiznen)

= oM, Man+2) T(I*, Man+2) o (Hans2, VIUF) T(V*,UH2n+1)

¥ X o T )T M )
a(u)T(u", tzn+1) + B(U") 1+(#*‘:::+11)2n+2
T vu)?
(K" U2n+1)

+y(u)
Letting n—oo and using (7), we obtain a contradiction to z (u*,V*)>0.Thus, z(u*, V)= 0. implies that p*=Vp*. This It follows

similarly that p=Up*. Therefore, pxis a common fixed point of V and U. Eventually, we show that pis a unique common fixed
point of V and U. Assume that there exists another common fixed point p'that is p/=Vu/=Uy. It follows from:

Uk / * 1R 2
0/ = * N < « N+ w T vu )T(c.Uu)_I_ o TSV Y
T wy =TV, Upl) s eyt wh) + BG) =y YW = m

=a((u) t(u',u’).
Since a (U1*) € [0, 1), so we have z(u*,1). Therefore, we have p* = p/and thus pis a unique common fixed point of V and U.
Application
Theorem 5. Letting R=C (]0,1]), Now, we define T:RxR—[0,00)
= mi - 2
T(w.0) trer[lég](u(t) 40))

Then, (R,0,1) is a complete controlled metric space with o(p,5)=c(c,)=2
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consider the integral equations:
WO =f; Ky (5, 1(s))ds + g (t) ®)

MO =[] K, (t, s, 1(s))ds + g(¢) ©)
fort €[0,1], where 4, g, h€R

suppose that K1, K2:[0,1]x[0,1] —R are such that 3u(t), Ou(t)ER, for eachj.pe R, where:

()= [} Ky (t,5,1(s))ds
and

9u()= f, Ky (t,5,u(s))ds
For all t €[0,1]. If 3 a,b,c:R—[0,1 ) such that these assertions hold:
o a(@utg(=<a(u), b(du+g(®)<b(u) and c(Iu+g(t)=c(u)
* a(burg(D)=alu), b(Gu+g(t)<b(k) and c(G+g(t)=c(u)
e (atbto)(p)<1

o 119u(®) - 6:) + g(t) - h(®) [P < a()Na(w, £)() + b(H) Na(, §)(1) + c(u) Na(w, £)()
Vi, ¢ € R, where:

Ni(w, ©) () = n(®) = (O] ?

N2 (1, §) (©) = [| Su®)-01)-p®)I? [| D+ ®-LOI?/

R MOEX{OIE

Na(w, §) (©) = | Su®)-00)-p®IP/ || () — SO 2

Consequently, there is only one common solution to the system of integral equations (8) and (9).
Proof. Define V,U: R—R by

V= 9,4+g

And

Up=6,+h.

TV, U = max ([| (1) - (1) + 9(0) - h(t) I?)

TV = max (|| 9u(0) + 9(t) — () )

T U2) = max (1040 + ) £ ).

It is easy to demonstrate that:

o a(Vi=a(p), SVW=A(W) and y(VH) < y()

o a(Uw=a(p), AUW=A(W) and y(UW)< y(1)

o (atp+y)(W<L;
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T(WVWT(s.US) T(wVw?
(VR U) < a)T(ng)+f =208+ y () = 2o

Vu,c € r. Therefore, we can conclude that V and U share a fixed point by applying Theorem 4. As a result, there is a single point
M € R where p =V = Up. We now have:

U=VU= Gtg

along with p=Up=6,+h

That's:

W ()= f; Ky (6,5, 1(s))ds

W ()= f K>(t, s, 1(s))ds

As a result, we can say that there is only one common solution to the integral equations (8) and (9).

Conclusions
We summarize our conclusions as follows:

1.

2.
3.

To generalize the main result of Mlaiki et al. &I, we defined a new contractive condition in a controlled metric space by
employing two control functions «,f :R— [0,1)to the right-hand side of the inequality. Moreover, we have used a certain
rational expression in the contractive condition;

We have taken two self-mappings instead of one self-mapping in the contractive condition of our main results;

We also examined integral equations as a way to apply our primary findings.

Upcoming Projects
Future research in this field will concentrate on the fixed points of fuzzy and multi-valued mappings in controlled metric spaces,
with applications to fractional differential inclusion problems.
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